Acoustical properties of irregular cavities described by fractal shapes are investigated numerically. Geometrical irregularity has three effects. First, the low-frequency modal density is enhanced. Second, many of the modes are found to be localized at the cavity boundary. Third, the acoustical losses, computed in a boundary layer approximation, are increased proportionally to the perimeter area of the resonator and a mathematical fractal cavity should be infinitely damped. We show that localization contributes to increase the losses. The same considerations should apply to acoustical waveguides with irregular cross section.
INTRODUCTION
Geometrical irregularities appear in many natural and artificial systems and their vibrational properties are of general interest. How trees respond to wind, and how sea waves depend on the topography or geometrical structure of the coasts and breakwaters are largely unanswered questions. The emergence of fractal geometry has been a significant breakthrough in the description of strong geometrical irregularity and its associated physical properties. 1, 2 The fractal language permits discussion of this question in a welldefined and documented geometrical framework. Not only does fractal geometry permit a description of strong statistical irregularity, but it also allows consideration of the deterministic fractals as simple models for extreme geometrical disorder. When the physical properties of the objects that we consider are due to the hierarchical character of their geometry, then their physical properties can be studied on deterministic fractal objects. 2 This is, for example, the case for self-similar electrodes where the study of deterministic systems is readily applicable to random self-similar structures. 3 The three main properties of resonators are their spectrum or modal distribution, the spatial distribution of the modes ͑which may exhibit localization or confinement effects͒, and their damping. Current empirical knowledge about waves and resonators indicates that a perturbation of a resonator geometry may strongly modify the quality factor of resonances. It has already been shown in the case of ''mass fractals'' vibrations ͑the so-called fractons modes͒ that geometrical irregularity has a strong effect on damping. 4 We address here the same general question for acoustical cavities: Do the geometrical irregularities play a role in the losses and why? We believe that the study of fractal resonators can help to understand the acoustical properties of irregular cavities in general, with possible application to room acoustics, acoustical waveguides, and anechoic chambers. The problem of the asymptotic ͑high-frequency͒ density of states in fractal resonators has already been studied from a mathematical point of view. [5] [6] [7] [8] [9] Experimental observation and numerical investigation of the low-frequency vibrations of fractal drums are reported in Refs. 10 and 11. The drum geometries were generated by iterative transformation of a square initiator, as shown in Fig.  1 . The figure shows the contour of prefractals at generation ϭ0, ϭ1, and ϭ2. Systems in which the perimeter is only fractal, like a fractal drum or a fractal cavity, are called ''surface fractals'' and their vibrations are called ''fractinos.'' In the case of the fractal drum, the vibrations obey the Dirichlet boundary condition and are named Dirichlet fractinos.
10,11
Eigenmodes of 2-D prefractal resonators using Neuman boundary conditions, i.e., Neumann fractinos, have also been studied recently. 12, 13 This renders possible the study of acoustic modal density and damping in the 3-D prefractal cavities shown in Fig. 1 . This is the purpose of the present work.
We show on two specific examples that the lowfrequency modal distribution is strongly modified and that the damping is increased by a factor which depends of the degree of irregularity of the boundary. We also show that the localization effects found by Russ et al. contribute even more to increase the damping. The losses are computed from the spatial distribution of the modes as we recall below.
I. QUALITY FACTOR AND AMPLITUDE DISTRIBUTION
The quality factor Q N of a resonator for a mode N is the ratio of the stored energy to the losses per cycle
The quality factor characterizes the ability of the resonator to accumulate reactive energy for a given power input. It also determines the life time Q N N Ϫ1 of the oscillation when no power source is present.
In this work we restrict to linear acoustics and consider the limit of ''very'' weak losses so that the amplitude distribution is well-approximated by the zero-loss cavity modes. [14] [15] [16] We consider an eigenmode N at frequency N with a pressure distribution:
Here p 0 is the peak acoustic pressure and V is the volume of the cavity. Calling c the sound velocity, the pressure obeys the Helmholtz equation ⌬ Pϭ(1/c 2 ‫ץ)‬ 2 P/‫ץ‬t 2 with the Neumann boundary conditions ‫ץ‬ P/‫ץ‬nϭ0. This condition corresponds to a perfectly reflecting surface with no phase change. Eigenmodes ⌿ N (x,y,z) satisfy the eigenvalue equation
The maximum elastic energy or kinetic energy is
where is the density of the gas. Acoustical losses in a rigid cavity are due to heat conduction and viscous dissipation. In the bulk, these losses are small at audio frequencies and are neglected here. [14] [15] [16] Energy dissipation takes place at the cavity walls on a small boundary layer with a thickness of order 10 Ϫ4 cm. 15, 17 To calculate the losses, it is convenient to replace the rigid walls by walls with a small admittance and to consider that there are no losses in the fluid. We are restricted here to prefractals in which the smaller flat element ͑smaller geometrical cutoff͒ is larger than this thickness. 18 Our goal is to identify the influence of the geometrical irregularity; we consider that our walls present a small but finite specific admittance ⑀(). This admittance could be that of the real fluid boundary layer, or more simply, the admittance of a suitable sound absorbing material of small thickness covering the lateral cavity walls. The energy dissipation is the total outflow of energy from the boundary. In the case of weak losses, the power L N dissipated at the cavity boundaries can be expressed as a function of the zero-loss amplitude distribution by
The quality factor of the mode N is given by
where N is the wavelength and
Then, the higher the amplitude on the boundary, the lower the value of the length ⌳ N and the lower the quality factor. Because our purpose is to study the dependence of the damping on the geometry, we have to know the amplitude distribution to compute this integral. This paper is organized as follows: We first recall briefly the numerical method. 4, 12 We then discuss the low-frequency modal density, the localization effects, and finally the effect of geometry on damping.
II. SOLUTION OF HELMHOLTZ EQUATION
As we work on cylindrical cavities with constant irregular cross sections, the variable z can be separated and the eigenfunctions takes the form
2 )⌿ n and is normalized over the cross section. The eigenfrequencies N are given by
Our numerical method to compute ⌿ n (x,y) and n 2 is to consider, instead of the Helmholtz equation, the timedependent Fourier or diffusion equation:
In the Helmholtz equation, the variable is the acoustical pressure, i.e., a positive or negative departure for the normal fluid pressure. In Eq. ͑10͒, ⌿ represents a concentration of diffusing particles, or a departure to a constant concentration, which in our case can also be either positive or negative. Equivalently, Eq. ͑10͒ is the Fourier heat equation and the variable ⌿ could represent positive or negative variations of the temperature around a constant value.
The general time-dependent solution of this equation is a combination of real exponentials of the form ⌿ ϭ ͚ n c n ⌿ n (x,y)exp(Ϫt/ n ), where n satisfies an equivalent eigenvalue equation ⌬⌿ n ϭϪ(D n ) Ϫ1 ⌿ n with the same boundary condition. In the diffusional approach, the Neumann boundary condition ‫ץ‬⌿/‫ץ‬nϭ0 means that diffusing particles are reflected at the boundary so there exists no net flux across the surface. Here it corresponds to the fact that the gas velocity is null on the walls.
The method is then to numerically compute the timedependent solution of Eq. ͑10͒: Starting with an arbitrary initial function z 0 (x,y,tϭ0) the system will converge naturally to a function proportional to exp(Ϫt/ 0 )⌿ 0 (x,y) yielding the first eigenstate ⌿ 0 (x,y), the first eigenvalue 1/ 0 , and 0 through the correspondence 0 2 /c 2 ϭ1/D 0 . To compute the next state, one starts with a new trial function which is orthogonal to ⌿ 0 (x,y). This new distribution converges with a time constant 1 to the next eigenfunction with nonzero initial weight, namely ⌿ 1 (x,y). The procedure is then iterated and the states are obtained sequentially, by orthogonalization of the (nϩ1)th initial distribution to the n previously computed eigenfunctions, thus converging to the (n ϩ1)th mode. The numerical implementation uses a finite difference method on a discretized system. It is discussed in detail in Refs. 4 and 12. One can find in these papers a discussion of the effects of the finite mesh size, of the convergence problems, and of roundoff errors on final precision.
III. MODAL DENSITY AND LEVEL SPACING
Two quantities play a dominant role in resonators studies: the density of states or modal density and the level spacing.
14-16 Here we deal with the cavities obtained by ''fractalization'' of the cross section of a cube with side L.
The computation of the low-frequency modes for the 2-D systems shown in Fig. 1 Fig. 2 . They are to be compared with the high-frequency
2 , which writes, with our reduced frequency units, as
where S is the total area of the cavity. 19 For cavities 0, 1, and 2 the value of S is, respectively, equal to 6L 2 , 10L 2 , and 18L 2 .
In Fig. 2 the dotted line represents the Weyl leading term (/6)⍀ 3 and the dashed lines represent Eq. ͑11͒ for the three cavities. The low-frequency modal density is notably increased by the irregularity. The high-frequency Weyl approximation still gives a good estimation of the modal density. Besides the net increase of the modal density due to increased fractalization one observes oscillations.
9,12,13 These oscillations are due to the existence of a number of degenerate or quasi-degenerate states in our particular deterministic 2-D systems as explained in Ref. 12 . These oscillations should not exist in irregular cavities where the feature sizes along the frontier are different or random.
The level spacing is modified in two ways. First, the increase in the modal density reduces the level spacing. Second, as discussed in Ref. 12 , the pseudo-chaotic behavior of the 2-D systems induces a partial level repulsion. ͑This effect could be partially smeared out in 3-D.͒ These two facts should be reinforced by an increased irregularity.
IV. LOSSES IN PREFRACTAL CAVITIES
In order to selectively study the influence of the geometry on the losses, we consider in the following that the lower and upper surfaces of the cavities have infinite impedance. The losses are then restricted to the lateral surfaces.
Two different situations occur, depending on the nature of the modes, whether trivial modes or higher-order modes. For the trivial modes which correspond to the state nϭ0 of the 2-D problem for which ⌿ nϭ0 (x,y)ϭ1/L, integral ͑7͒ increases proportionally to the perimeter. These modes are then damped proportionally to the length of the perimeter of an horizontal cross section. Then a prefractal of generation presents losses which are 2 times larger than the cubic cavity, at least for the lower fractal generations. In our simpli- fied framework a mathematical fractal would present infinite losses for all these modes as far as our model for the damping still holds. Although somewhat trivial, this statement is important and confirms the influence of fractal geometry on damping. Really, for high enough generation, the smaller cutoff would become smaller than the boundary layer and the problem has to be reconsidered.
More interesting are the higher-order modes (n 0) which are of two types: those with mϭ0 and those with m 0. If mϭ0 the integral in Eq. ͑7͒ factorizes as dsϭLdl, where dl is the differential element along the perimeter of a horizontal cross section of the cavity. For these modes the integral for the losses takes the form
If m 0, the integral in Eq. ͑7͒ factorizes as ds ϭ(L/2)dl and the losses are simply smaller by a factor of 2 than those obtained from Eq. ͑12͒. The integral in Eq. ͑12͒ is the quantity that we actually compute from the knowledge of the amplitude distribution of the 2-D Neumann fractinos.
The results are shown in Fig. 3 . For prefractal cavities the results indicate that the power dissipation ͓for constant ⑀()] is increased by the irregularity of the frontier in a manner which is roughly proportional to the length of the perimeter, as for the trivial modes. For a few states, the prefractal systems exhibit still higher losses; for example, see states 61-68 of cavity No. 2. The higher losses for these particular states are due, as shown below, to the localization of these states in small regions near the cavity walls.
V. RELATION BETWEEN LOCALIZATION AND LOSSES
In this section we discuss why the confinement of a vibration in a restricted part of the cavity near the boundary increases the damping. The localization characterizes the irregular distribution of the vibration amplitude and was studied in Ref. 12 . It was found that a number of modes were confined at the boundary, the amplitude the inner part of the resonators being small. To characterize mathematically the localization or the confinement of each mode ⌿ n , we compute the ''existence surface'' S n defined by Thouless as
.
͑13͒
If we find that S n is significantly smaller than the surface L 2 of the cross section, we say that this particular mode is ''localized.'' Note that for the delocalized cosine functions of the square system, the value of the relative occupation surface is S n /L 2 ϭ4/9Ϸ0.44 for all modes. The values of the relative existence surface S n /L 2 for our geometries are shown in Fig. 4 . Apart from the very first states, the existence surface is only a fraction of the total surface of the resonator. Most important, the tendency to localization is increased by the irregularity of the frontier.
For generation 1 the average ͗S n /L 2 ͘ over the first 200 lower states was found to be equal to 0.35. For generation 2, the average ͗S n /L 2 ͘ over the 200 states that we have computed is equal to 0.24. The highest degree of localization for this system is equal to 0.031 for the degenerated modes n ϭ61,62. One should note that our systems have a rotation degeneracy which has the effect of increasing the existence volume. Without any symmetry the localization surface would be approximately four times smaller.
In Fig. 5 we show the amplitude distribution of a delocalized (nϭ4) and of a localized mode (nϭ16). The spatial location of confined modes is linked to the Neumann boundary condition for which the boundary region is free to vibrate. Eigenmodes can then have a maximum amplitude at the boundary. The confinement is a weak localization effect which does not occur for all states. When the fractal character of the frontier increases, i.e., from one prefractal generation to the next, we find more and more of these localized states. This is an important property of the Neumann modes. 12 Qualitatively, the more irregular and winding the boundary, the more localized the Neumann fractinos. We expect a similar behavior for systems which are irregular in the three spatial directions. The effect of localization is to enhance locally the amplitude of the vibration at the cavity walls in the region where the energy is dissipated. There exists a correlative increase of the integral in Eq. ͑12͒. If, in a very crude approximation, one considers the mode as constant over its existence surface and zero outside, its amplitude is of order S n Ϫ1/2 . Integral ͑12͒ gives a value
where L p is the perimeter of the zone where the states really exist. Consider for instance mode nϭ16, shown in The power dissipation as a function of the relative existence surface is shown in Fig. 6 . In spite of a strong dispersion, the global trend is indeed an increase of the losses with irregularity and localization.
Equation ͑14͒ is of extreme importance because it shows that for a given localized mode, if one locally increases the perimeter, the losses are increased correspondingly. It means that a mathematical fractal would also exhibit infinite damping for these higher-order modes ͑with the same restrictions than above͒.
The quality factor for a mode N can be written in our reduced units:
We have plotted in Fig. 7 ⍀ N ⌳ N /L as a function of the reduced frequency ⍀ N for our three cavities. One observes that for all frequencies the irregular cavities present lower quality factors than the cube. Despite the dispersion, increasing the irregularity induces a diminution of the quality factor.
VI. CONCLUSION
We have studied numerically the modal density, the localization, and the losses of acoustical modes in cavities with prefractal shapes. The modal density is enhanced by the irregularity of the boundary. Consequently, the level spacing decreases and becomes more regular. Acoustical losses have been studied in a boundary layer model and have been found to increase with irregularity. As far as our simplified model still applies, a mathematical fractal cavity would present an infinite damping. We have established a simple correspondence between localization and losses. These results confirm in a well-established physical frame the suggestion that fractal resonators present specific damping properties. Note that self-affine geometries 1 could even be more efficient than self-similar geometries in increasing the resonator perimeter, therefore the damping.
The same physical effects should appear in the propagation of sound waves in acoustical waveguides. Neglecting the anisotropy effects, the attenuation length for the acoustic energy of a propagating wave is of order ⌳ N /Re(⑀). Therefore, the data in Fig. 3 can be used to estimate the attenuation in fractal waveguides. Because of the localization, it should be possible to propagate higher-order localized modes in different regions of such an irregular waveguide with a small interference between these modes. Some of these effects could also exist in electromagnetic waveguides.
Further studies are needed to understand the influence of fractal geometry on ray acoustics which corresponds to the high-frequency limit of our problem.
Several of these results may be of interest for room acoustics. An increased low-frequency modal density could be favorable. On the other hand, localization may have negative consequences. Although our results on damping were obtained in the weak losses case, they can be considered a rationale to better understand the dependence of properties of anechoic chambers on geometry.
